Il ONLINE CONVEX OPTIMIZATION

I Au 2D¢fﬁtgé dom ‘iﬁséml;.%j’ﬁ line learning problem is
the problem of online convex optimization ( ), which is characterized

| by a loss function

I Online Convex OptithiZatibn - Part 1

which is convex w.r.t. the action, i.e., a+ (a, z) is convex forany z € Z.

a
Learning goals
@ Get to know the class of online
convex optimization problems
Q @ Derive the online gradient
3 - QescCe "I as ¢ <
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ONLINE CONVEX OPTIMIZATION

@ One of the most relevant instantiations of the online learning problem is
the problem of online convex optimization (OCO), which is characterized
by aloss function

L Az ZE— TR,

which is convex w.r.t. the action, i.e.. a — (a:z) isconvexforanyz = Z.

@ Note that both OLO and OQO belong to the class of online convex
optimization problems:

@ Online linear optimization (OLO) with convex action spaces:
(a,z) =a'z

is a convex functionin a € A, provided A is convex.
@ Online quadratic optimization (OQO) with convex action spaces:

1
(az)=3 a-z||3

is a convex functionin a € A, provided A is convex.
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ONLINE GRADIENT DESCENT.MOTIVATION

® We'have'seefithat the FTRLAlgorithm with the' o reguilarization
y (a) L gachieve's‘s‘atisfactory results-fot oftline linear <!
optimization (OLO) problems that is. if (a. F = LY"(a,z) :=a 'z then

we have
vhich nv w.r.l. the actior | La,z) v r any
o Fastupdates —If A = RY, then
@ Note that both OL a{l}}L*,ﬂLﬂqu the classtbf. onlifs

"o Regret bounds —By an appropnate chonce of 1/ and some (mlld)
? asslimptions on' A'andZ 'we have ‘

R ofT).

|
o
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ONLINE GRADIENT DESCENT: MOTIVATION

Apparently, the nice form of the loss function L'!* is responsible for the O
appedling properties of FTRL in this'¢ase. Indeed, since' V' 1%, 2) =2
note that'the update rule canbe writtén'as x o

g _ gL — g Ll 7).
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ONLINE GRADIENT DESCENT: MOTIVATION

Apparently, the nice form of the loss function L'** is responsible for the
appealing properties of FTRL in this case. Indeed, since V,''%(a,2) = z
note that the update rule can be written as

g =& —nz=a —nVal (&, z).

Interpretation: In each time step t + 1, we
are following the direction with the steepest de-
crease of the most recent loss (represented by
—VL=(a ™ z)) from the current "position”
al™t with the step size 5
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ONLINE GRADIENT DESCENT: MOTIVATION

Apparently, the nice form of the loss function L'** is responsible for the
appealing properties of FTRL in this case. Indeed, since V,''%(a,2) = z
note that the update rule can be written as

g =& —nz=a —nVal (&, z).

Interpretation: In each time step t + 1, we A
are following the direction with the steepest de-
crease of the most recent loss (represented by

— V(g™ z)) from the current “position”
al™L with the step size i

> Gradient Descent.
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ONLINE GRADIENT DESCENT: MOTIVATION

® Question: Howto transfer this idea of the Gradient Descent for the
update formula to other loss functions, while still preserving the regret

O
bounds? x O
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ONLINE GRADIENT DESCENT: MOTIVATION

@ Question: How to transfer this idea of the Gradient Descent for the
update formula to other loss functions, while still preserving the regret

O
bounds? X O

@ Solution (for convex losses): Recall the equivalent characterization of
convexity of differentiable convex functions: x X

f:S8— Risconvex < f(y) = f(x)+(y —x)"Vi(x)forany x,y € S
e f(x)—f(y) < (x—y)"Vi(x)forany x, y € S.
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ONLINE GRADIENT DESCENT: MOTIVATION

@ Question: How to transfer this idea of the Gradient Descent for the
update formula to other loss functions, while still preserving the regret
bounds?

@ Solution (for convex losses): Recall the equivalent characterization of

convexity of differentiable convex functions:
f:8— Risconvex « f(y) = f(x)+(y —x)"Vi(x)forany x, y € S
& f(x)—f(y) < (x—y)"Vi(x)forany x, y € S.

® This means if we are dealing with a loss function : A x Z — R, whichis
convex and differentiable in its first argument (.4 has also to be convex),
then

-

(a.2) - (a.2) < (a—3)" Vy(a.2), Yaac Aze?Z.
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ONLINE GRADIENT DESCENT: MOTIVATION

I IRemindar: (@.12) ralai2) ®itased) i Vala:z)diciaracsdaz 64 | O O x
B
- X LO
B
] X X
i
i
i
B
B
i
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ONLINE GRADIENT DESCENT: MOTIVATION

IRominder: (aazy - (alz) <1 (al= &) E Va(alz) - Wa.a€ A,z € 2. |

® Lletz.....zrarbitrary envionmental dataand as... .. ar be some abitrary
action sequence. Substitute Z, := V,(a,, z;) and note that
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ONLINE GRADIENT DESCENT: MOTIVATION

IRominder: (acz) - (a/2) <t (alw @) 5 Va(alz). - Wa.a€ A,z € 2. I

@ Letz....,zr arbitrary envionmental data and ai.....ar be some aitrary
action sequence. Substitute 2, := V,(&1.z,) andmnotethat

Rr(a) = Z (ar.z) — (3.z) < Z(a, a) Vaia.z)

=Y (a-a) 2= a z-a z=> L*(a.z) L'*az).
r=1 r=1
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ONLINE GRADIENT DESCENT: MOTIVATION

| Reminder: (a:2) - (a/2) < (a(= )7 Vi(alz). - Wa.ae A,z 2. |

® Letz.....zr arbitrary envionmental data and a... . ..ar be some amitrary
action sequence. Substitute Z, := V ,(&;1z,) and notethat

] T T
i Rr(d) =) (anz) - (&(2)5 > (al= &) 7 Vai(akz)
| r=1 r=1
T T
- =Z(a.—§) E'.:Za, Z —a Z:A\ L“*a.z2)— L"™(a.z,).
=1 e ’
] Conclusion: The regret of a learner with respect to a differentiable and convex
] loss function is bounded by the regret corresponding to an online linear
. optimization problem with environmental data 2, V.la,. z
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ONLINE GRADIENT DESCENT: MOTIVATION

| IReminder: (aazy - (alz) <1 (al= &) E Va(alz) - Wa.a€ A,z € 2. | O O x
® Letz.....zr arbitrary envionmental data and a... . ..ar be some amitrary
B action sequence. Substitute 2, := V,(4;z/) andnote-that x O
__| T T B
i Rr(ad) =) (aaz) - (alz)d Y (al=a)" Vi(al)
| > X X
T T
- ZZ(&—E) 2::28, 2,—5 Z:A\‘L"'i.iv iv} L (a jj.
=1 e ’
Conclusion: The regret of a learner with respect to a differentiable and convex
] loss function is boundedby the regret corresponding to an online linear
. optimization problem with environmental data z, Vila,. z,)
] @ We know: Online linear optimization problems can be tackled by means of the
] FTRL algorithm!
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ONLINE GRADIENT DESCENT: MOTIVATION

IReminder: (aazy - (alz) <1 (al= &) E Va(alz) - Wa.a€ A,z € 2. |

® Letz.....zr arbitrary envionmental data and a... . ..ar be some amitrary
action sequence. Substitute Z, := V ,(&;1z,) and notethat

T T

Rr(ad) =) (aaz) - (alz)d Y (al=a)" Vi(al)

=1 r=1

T T
= (@-8"z2=)a z-a z=) L(az) L"Ez)
=1 =1 t

Conclusion: The regret of a learner with respect to a differentiable and convex
loss function is boundedby ithe
optimization problem with environment:

@ We know: Online linear optimization problems can be tackled by means of the
FTRL algorithm!

» Incorporate the substitution 2; = Va(ar. z;) into the update formula of FTRL with
squared L2-norm regularization.

]
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i ONLINE GRADIENT DESCENT: DEFINITION

I o Theeorresponding algetithm which chooses its actionaccording tothese O O x

l considerations. is called the Online Gradient Descent (OGD).algorithm

| with stepsize 7 52 0:titholds in‘particular, x O
0GD 0GD 0GD

I ary a; 7)173(8, .Zf]. t 1,...T. (1) x x

I (Technical side note: Forthis update formua we assume that 4 =« RY. Moreover, the first action 2% is arbivary. )

-
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ONLINE GRADIENT DESCENT: DEFINITION

considerations is called the Online Gradient Descent (OGD) algorithm
with step size 1 > 0. It holds in particular,

act = P V(&P z), t=1,...T. (1)

Technical side note: For this update formua we assume that A = R?. Moroover, the first action 2P is arbivary. )

I @ The corresponding algorithm which chooses its action according to these
|
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