Introduction to Machine Learning

] NonlineanSuppott Vector Machines
The Polynomial Kernel

Learning goals
@ _Know the homogeneous and
non-hemogenepus polynomial kernel

@ Understand the influence of the
choice of the degree on the decision
boundary




HOMOGENEOUS POLYNOMIAL KERNEL

k(x,X) = (x"x)?, ford € N

The:feature map contains: alllmonomials: of exactly arder d!

‘ d
Pl k=05, k=d

That (@(%). &(%)) = K(x< %) Holds:can easily be chiecked by simple
calculation and using the multinomial formula

d K
d_ k
(¥4 ...4+ %)= E (k1,...,kp)x“'“xpp

k>0.%, ki=d

Themap@(x) has <p - Z . 1) dimensions: We see-that! o(x)

contains no terms of "lesser" order, so, e.g., linear effects. As an
example for p = d = 2: ¢(x) = (X%, x2, V2x1 %).

Intoduction o Machine Leaming ~ 1/6



NONHOMOGENEOUS POLYNOMIAL KERNEL

k(x,X) = (x"x+ b)?, forb>0,d € N

The'maths is very similar as before; we kind of add a' further constant termin
the original space, with

("% + B)Y = (3 + ...+ XX + b)°

The feature map contains all monomials up to order d.

e da
O(X) (\," (k1 ..... kp-1)
The map ¢(x) has (p ; d) dimensions. For p = d = 2:

(X]i] + Xziz + b)2 = X?if +X§4_Y§ + 2X4 XQ;Y] :YQ + 2bxy ¢_Y| + 2bX2:YQ + b2

Therefore, 2 2b. 2b.
P(x) = (X2, 22, V2x %2, V/2bxy, V2bx2, b)

]

Intoducion to Machine Leaming ~ 2/6

O 0X

X X



m POLYNOMIAL KERNEL /2
The higher the degree, the more nonlinearity in the decision boundary.

swm: kemal=polnomal degree=3; coetl=1 svm kemei=potynomial degree=3 coetd=1
Teain: mmce=0.0900000; CV: mmce test mean=0.1200000 Tran: mmee=0 1033333 CV. mmoe. lest mean=0.1233333

o noduction o Machine Leaming ~ 4 /6

X X



m POLYNOMIAL KERNEL /3
The higher the degree, the more nonlinearity in the decision boundary.

swm: kemeal=polnomal degree=S; coetl=1 sym kemei=potynomial degree=3 coetd=1
Teain: mmce=0.1700000; CV: mmce test mean=0 2500000 Tran: mmee=0 0566667, CV. mmoe. lest mean=0.1200000

2 ntoduction o Machine Leaming

X X



m POLYNOMIAL KERNEL /4
For k(x,X) = (x" X + 0)? we get no lower order effects.

sy kemelmpolmomat degraed; coedin0 sym kamei=polynomet degree=X. coelO~0
Train: mmee=0.1400000; CV: mmce jest mean=0.1800000 Tran: mmce=0.473333% CV: mmoe.jest mean=0.4233333

2 noduction o Machine Leaming -~ 6/6



