MULTIVARIATE DIFFERENTIABILITY

Definition: f : S € R?Y — R is differentiable in x < S if there exists a
(continuous) linear map Vf(x) : S € RY — RY with
f(x + h) — f(x) — Vi(x)"-h

L} Tl =0

Geometrically: The function can be locally approximated by a tangent hyperplane.
Source: https://github.com/jermwatt/machine _learning_refined.

Opimization in Machine Lexning -~ 3/13



GRADIENT

@ Linear approximation is given by the gradient:
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@ Elements of the gradient are called partial derivatives.
® To compute df /dx;, regard f as function of x; only (others fixed)

Example: f(x) = x2/2 + x;x2 + x2 = VI(x) = (x1 + x2, X1 + 2x2)"
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LOCAL CURVATURE BY HESSIAN

Eigenvector corresponding to largest (resp. smallest) eigenvalue of O O x
Hessian points in direction of largest (resp. smallest) curvature

Example (previous slide): For a = (—7/2,0)", we have
10 X X
H(a) = (0 4)

and thus Ay =4, A2 =1, vs = (0.1)7, and vz = (1,0)".
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