Interpretable Machine Learning:

Permutation Feature Importance:(PFI)

-
—

- ° Léarning goals
- ol Learning goals
@ Understand how PF| is computed

@ | ‘
@ Understanding strengths and weaknesses
o | ‘

o Faotee rgcriwce (oss: mae @ Testing Importance
@ 1
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PERMUTATION FEATURE IMPORTANCE ( PFI) ey

ldeax"Destroy’ feat.cof interestagdyt perturbing it s toitibecomes:uninformativeyeg.ormative. 8
randamly | permute abs birexy {marginal distribution | 12(x) 'stays the samehy s the same)
PFIHorfeatares=xg using test-data->
eoMeasure the error withéut permoting feat-and with permuted feat. values X \
o9Repeatpermuting thé/feat: 4 eige. m times) andavg. the difference of Both errors:both errors

| PFls = 5 X PRIdRark(S0_ | Remol1:0{) DIRAPEF DY emol . D) = £ X yyep L(F(x). )
. 1 .
I where Remp(f, D) = 5 Z[Ly]g . L(f(x).y)

Interpretable Machine Laarning - 1/12



PERMUTATION FEATURE IMPORTANCE ( PFI) ey

ldeaz:"Destroy” feat.oof interestx;byt perturbing. it sitoit becomes: umntormamet e:g prma
randamly permute abs bivexy {marginal dnstmmnon\li’(x,) staysithe samehys the same
PFIHorfeatares=xg using testdata-> |-

eoMeasure the error withéut permoting feat-and with: permuted feat. values Xs
oORepeatpermmmgl thelfedt: 4.z, im times) andavg . thedifference of Bothierrors:both ¢

PFls = 5 3 PRId%(¥0 |7Zefnp(\?.ﬁﬁf)! m#.’s(?:'@); . D) =72 L(f(x).)

I amp \ . ermutin Whére’ke,,},(f ‘ﬁ) 3 lzj
B

X),
e P ‘)y)
The data D where xg is replaced with x° isdenoted as D°.
Example of permutmg feature xs with S = {1 } and m = 6:
D B, 'ﬁf,, f,»;;, *pg, rs,g, B,
X X X i’.'l. X3 :ls I l, ls. x; Th :.ls“i; Ki. l; l2“ix' if x i:;
ESS ARSI Crapal  TLE ENER TR UEaE M TEREE
2 5 8 [2/'s'8//1 5/8 '3 5 8 3|5 8|1 5 8 2|5 8
3|6 9 :gfe'glgra'gjisg 2|6 9 |2|6/9 [1]6 0

Hare: We calculate the feature importance for one feature at atime |S| = 1.
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]l 1. Perturbation: Sample feature values from the distribution of xs (P(Xs)).

1.~pRandomly permute featurs xs from the distribution of

=» Replace original feature with, permuted feature Xs and create data DS

containing Xs original feature with permuted feature %< and create data T

zontaimning x
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1. Perturbation: Sample|feature

2

L.

s
D[u] D
| Xg Xo kX |xf X f X5 | Xic X
112 L4 T 154 |7 =
1|5(81 12|58
n[3|6]a]]3P6 9]
RES | 6] N 3
Il /
0.6 f 0.4
0608 -
0.6 22 1 0.6 -
0.6 0

=» Randomly permute feature xs .
1.9 Héﬁ!é&t&igirfaffééfuré with peﬁﬁuréd feature %Jand create data DS 5 )

containing %'V |
2. Prediction: Make' bréd\ctnﬁﬁs foi' both ’déia e ‘D ahd 173’
Mak

Prediction:

»ermute feature

preaiction:

» 10 D

th

values from t:he distribution of xg (P(Xs)).

InnNg X
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3. Aggregation:

3. A« Cemputerthe loss for each observation in both data sets
o Compute the loss for each observation in both ¢

PERMUTATION FEATURE IMPORTANCE:
=g .
D[;.] D
4 x, Ix., [* X, | X
1 4D 7 1 7
n é } : & i
G, . S 0 -
|
|
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3. Aggregation:
3. A« Cemputerthe loss for each observation in both data sets
e o Take the difference-ob- bothdosses-Alaforreach obsenation s

o Take the difference of both losses AL for each observation

‘mummumm
1
1
|
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PERMUTATION FEATUREIMPORTANCE-

Ramp({ D5,) + Reolds D) D)

i xg [ Ty |Ppx Fod [ ] [ AR ] L |

124 P7 14174 [7] loés| 7 | 065
1[5 18|14 2 hs/[81 |045l5 * 02674

n 3 Y ¢ 3 L6 9. D Q 0

il 3. Aggregation:
3. Ag %%ﬂf’é‘me loss for each observation in both data sets
s Take e dﬂereece of both Tgs8es AL o1 e4eh otgservat ne
. Average this change in Ioss Adrose elrobservatlo%s e
*Note This & equwélent io otsr‘npuiing“l"H,,,n on bofH data sets and takmg

"{e dffferéﬁ(:é alent tc mputin 1king the d
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3. Aggregation:

P

3. AeCemputerthe loss for each observation in both data sets

e o Take the difféerence-of bathdossesaAlsfarreachobsentation

e sAverage thisichange-in lass across:all'bbservationsob tion
° oRepeai perturbahon and-average over multipie wepemons

° ertubation and average >r multiple titions

‘mummumummct
1
1
1
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EXAMPLE: BIKE SHARING DATASET'

1emyg -
mnth -

L ) -
hum - -

weathersit . *

wraspeed .
weekday .
workingday .
holiday @ e
o ® 250 500
» Feature Importance (loss: mae)

-
J interpretation:

| @ Year (vr) and Temperature (temp) are most important features
nterpretatjon;
® Destroying information about yr by permuting it increases mean absolute error

oof’h&dbyﬁ% emperature (temp) are most important reatures
B o054 05% GUaHHR of rebstitions due miple pértaions aré shawmay!© o110 of model by 816

] ocfror Barg 95 quantile of repetitions due multiple permutations are shown as error bars
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COMMENTS ON PFi!

eolnterpretation: P Fllis thelincreaseof modet erfor whenlfeature’s infarmationds on 1 desirog
destroyed
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COMMENTS ON PFi!

eolnterpretation: PF1lis thelincrease of modet erfor whenlfeat ire's infarmationdsion s desirogs
destroyed
@ Results can be unreliable due to random permutations
o Results/can be/unreliable-dueé torandom permutationsn =
=> Solution: Average results over multiple repetitions
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eolnterpretation: P Fllis thelincreaseof modet erfor whenlfeature's infarmationdson 1=

destroyed

be unreliable due to random permutations

° R&stﬂis\canbewlrehabledwmlandompama&aaon&

=> Solution: Average results over multlple repetmons

@ Permuting feature spite elation with other features can lead to unrealistic combinations

° Permmingieatures despne Wmlam withrother features can lead to/ unrealistic xirapolation issue

combinations of feature values (since under dependence

P(x;, x—;) # P(x;)IP(x_;)) ~~ Extrapolation issue

|GDIIIIRN'SSGN\HHI
1
i
1
1
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COMMENTS ON PFi!

eolnterpretation: P Fllis thelincreaseof modet erfor whenlfeature’s infarmationds on 1 desirog
destroyed
@ Results can be unreliable due to random permutations
o Results/can be/unreliable-dueé torandom permutationsn =
=> Solution: Average results over multiple repetitions
@ Permuting features despite correlation with other features can lead to unrealistic combinations
@ Permutingdeatures despite correlation withrother features can lead to/ unrealistic xirapolation issue
combinations of feature values (since under dependence
O]P(x} RL,} %W(R})P(x \&»m\gmrapaamn lisgirgaction effects with other features
ermutation als stroys information of interactions where permuted feature is involved
o PFlautomatically mciud«ea, mmtwo& of interaction effects with-other features in P11 score
=+ Permutation also destroys information of interactions where permuted feature
is involved
= Importance of all interactions with the permuted feature are contained in PFI
score
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COMMENTS ON PFH!
eolnterpretation: P Fllis thelincreaseof modet erfor whenlfeature's infarmationdson 1=
destroyed
be unreliable due to random permutations
° Restﬂtstcanbewrretrabledwtarandompermataaon&
= Solutton Average results over multlple repetltlons
| @ Permuting feature spite elation with other features can lead to unrealistic combinations
I ° Permmtngieatures desptte wtmlam withrother features can lead to/ unrealistic xirapolation issue
| combinations of feature values (since under dependence
l O]P(x} Rt,} %W(R})P(x tt»mtgmrapaamn lissipgaction effects with other features
. ermutation als stroys information of interactions where permuted feature is involved
i ° PFlautomatically mctudfeamwmtanoebf mteractmrreﬂectsmhamerteatmes in PFl score
| = Permutation also destroys information of mteractlons where permuted feature
| ojislimeshvesdation of PFI depends on whether training or test data is used
| =+ Importance of all interactions with the permuted feature are contained in PFI
| score
ll @ Interpretation of PFI depends on whether training or test data is used
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COMMENTS ON PFi - EXTRAPOLATION!

Exampleicletg/ &« x; # e, withui) ~ N(000.0 )wherehgro=e . Xor= % +exare - are highly cg
highly-corrélated (e = N(0, 0 ))&z raiN(0, 0.01)) and Xy . eaitly s g, with( 0. 7). All noise tg
e3neereN{Bn1) FAll noise terms|areindependent. Fittinga LMyields
f(x) = 0.3x; — 0.3xz + X3.
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- EXTRAPOLATION!

Exampleicletg/ &« x; # e, withui) ~ N(000.0 )wherehgro=e . Xor= % +exare - are highly cg
highly-corfélated (e, ~ (D, 1 ))&z raN(0, 0.01)) and X5 = eaiiky o= g with (0. 1) All nois
e3neereN{Bn1) FAll noise terms|areindependent. Fittinga LMyields

f(x) = 0.3x; — 0.3xz + Xa.

| / F .

| eourt

| p ] 1 .

| P ) a2 [ =@ |

3 | * “ oy

: :‘ F o i‘u af | + 1 @«

! xt . xt ) Fealre lu.:un:-‘o.z Mo ‘mn;
|
Jll Hexbin plot of x, xz before permuting X (Ieft) after permutmg X (center) and PFI
lscoresmgm1 pefore permuting x after permuting x; (ce r), and PFl scores (right)
|
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- EXTRAPOLATION!

Exampleicletg/ &« x; # e, withui) ~ N(000.0 )wherehgro=e . Xor= % +exare - are highly cg
highly-corfélated (e, ~ (D, 1 ))&z raN(0, 0.01)) and X5 = eaiiky o= g with (0. 1) All nois
e3neereN{Bn1) FAll noise terms|areindependent. Fittinga LMyields

f(x) = 0.3x; — 0.3xz + Xa.
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|
Jll Hexbin plot of x;, x> before permuting x; (left), after permuting x, (center), and PFI

Jl scotés (righit) 0% and X3 shoulabe relevant for the predietion f(x) for center). and PHI scores (right

Ix:P(x)s 0}é303x14r03,(24,0r the prediction f(x) for {x : P(x) Oy as
= PFI evaliatesinoderen Unrealistic-obs ot Side P (x ) +¥ x;, x4 aré colfsidered
.rnlnunnt (PEl = 0)
|
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COMMENTS ON PFi - INTERACTIONS:
ExampleicLetoy v . ., x, be independently and uniformiy sampled frem §=. 1} and

Y 1= Xy X A Xs 4 &y With.ey ~ N(Dh1)

Fiting a LMiyieldsf{ x) = x e +.Xs. »
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COMMENTS ON PFi - INTERACTIONS:
ExampleicLetoy v . ., x, be independently and uniformiy sampled frem §=. 1} and

Y 1= Xy X A Xs 4 &y With.ey ~ N(Dh1)

Fiting a LMiyieldsf{ x) = x e +.Xs. »

Although) x; alone contributes @s much ta to.ihe ‘ °
the prédiction as xp and. x4 jointly.-&llithree - 1« ®
are considered equallyrelevant. ‘ *

—> PFIdaes-not aitly attribute the'h & perform
périoimance to the individual features. i mportance (oss: mae)
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COMMENTS ON PFi - TEST'VS. TRAINING DATAY

Exampleicx, v . . . Xty arecindependently sampled from ¢4(+-10, 10)). An xghioost boost mode
model with/ default hypemarametersdssfitioh assmall training et of 50/abservationsocel ove

The model overfits heavily.

ML method

[
h““‘ & Wrreman |

38 XATXI8 X319 D2 XS X7 XB XS

Soore
>

YA NG 14 X3 LW Xya N i, 912 K43 X4
Feslure

qgure \ atures 1o |
dat‘afyqfipsgs“ﬂpg features on ‘thgﬁ }h“e‘ model overfitted.

Al L S e M R BRI PR Pl oo

s the
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COMMENTS ON PFi - TEST'VS. TRAINING DATAY

Exampleicx, v . . . Xty arecindependently sampled from ¢4(+-10, 10)). An xghioost boost mode
model with/ default hypemarameters dssfitoh assmall training-set of 50/.abservationsmocel
The model overfits heavily.

ML method

o 48

35 . PFicn train cita

@ 025 ' PFion test cata .
000 ‘ P -,—-\-,-,-.--,-.-—--,-,-—.-,-,- - N PN SIS i

YA > X1 1 )\ ) Xis >A ) > XI5 Ni8 X417 N8 )\f-:* )i ?.'3 >'.' 7',3 >.'.}
Fe:tuve

gure \ s the

’qure Wh,le PELon test data con51ders all Weatu’res to be wrelevant PELon tram
data exposes | the ]eatures on whlch ;he ‘model overfmed

Why" PE] can onlx pe nonzero. |f the Permutathn breaks a dependence m the data i

SpurioTs oorrelalfona help the model perfO(m weII on tral data but are not present m N

the tes da a e b

= If you are interested in whch features. heIp the mode\ to generaflze apply PFJ ‘on
ltest data.
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IMPLICATIONS-OF PFi!

Can we/getdn sight intorwhether theil.c
@) feature & is icausatforthelpredietionn
eoPFl 0 &-modetreliesion ap »
e oAS8 the training vsy testdataexampledemenstrates: the converse doesnots not hold
hold
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IMPLICATIONS-OF PFi!

Can we/getdn sight intorwhether theil.c
Q) feature ¥, is causatfdrithe! predietion?
eoPFl 0 &-modetreliesion ap »
e oAS8 the training vsy testdataexampledemenstrates: the converse doesnots not hold

O e L—’!'hpu\ contains prediction-relevant information
© featurepg contains prediction-elevantinformation? ariates x - or both (due to extrapolation)
o oPFlis#0i=>uxisidependentof y-or:it's/ covariatesexig o boths(due tor v or not) — FF]
extrapolation)
e X; is not exploited by model (regardless of whether it is useful for y or not)
= PFl; =0
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IMPLICATIONS-OF PFi!

Can wegetdnsight intoy whether thethe
@) feature & is icausatfor thelpredietionn
e oPFl 0 &>-modelireliesion ¥

e oAS the training sy mstdamexaruﬂmdemxstratem the converse doesnots not hold

O "’ﬂ'hgbi contains prediction-rele tinformation

© featurepgcontains p(emaenﬂe!evan& ln.for,ma&on?maw; s x_; or both (due to extrapo

e oPFlis/ 0= isidependent of yar:it's| covariatescxhg oft boths(due tor v or |
© mo M@‘?'ﬁvefww;;.w x; to achieve it's prediction performan

o Xl ls qot explq1teq by modc:lH rqgard|gs§ of whejher q |§,u§e§ul fory or nol) le

= PFl;
© model requires access to x; to achieve it's prediction performance?
e As the extrapolation example demonstrates, such insight is not possible
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TESTING IMPORTANCE (PIMP) (ZIImrrney

2oPIMP was:eriginatly introd uced for random forest's built-ini permutation-featureature impol
importance
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TESTING IMPORTANCE (PIMP) (IImrrnEsD

9oPIMP wasoriginally introd uced for random fonestis built-ini permutation-featureature impor
oiMARNaNCR:stigates whether the PFI score significantly differs from |
o PIMP investigates whether the PFhscore significantly difiers.from 0
= Useful because PFI can be non-zero due to stochasticity
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TESTING IMPORTANCE (PIMP) (IImrrnEsD

9oPIMP wasoriginally introd uced for random fonestis built-ini permutation-featureature impor
oiMARNaNCR:stigates whether the PFI score significantly differs from |
o PIMP investigates whether the PFhscore significantly difiers.from 0
o~pUseful because PFl canbe non-zerodue o stochasticity. 1hc 1 rqet v (unimportant)
@ PIMP tests the Hy-hypothesis: Feature is independent of the target y
(unimportant)
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TESTING IMPORTANCE (PIMP) (IImrrnEsD

9oPIMP wasoriginally introd uced for random fonestis built-ini permutation-featureature impor
oiMARNaNCR:stigates whether the PFI score significantly differs from |
o PIMP investigates whether the PFhscore significantly difiers.from 0
o~pUseful because PFl canbe non-zerodue o stochasticity. 1hc 1 rqet v (unimportant)
I 9, PIMP tests the Hoy-hypothesis: Feature is independent of thedarget v | ccores (repeat
(U“imm%ﬂ!} g y breaks relationship to all features
B ° Samplingunderifty: Permutectargetiy. retrain model; compote P Fllscoreses under H
| (repeat)
| =» Permuting y breaks relationship to all features
| = By computing PFI scores again, we obtain distribution of PFI scores under H,
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TESTING IMPORTANCE (PIMP) (IImrrnEsD

90PIMP was:originally introd uced fot random fonestis bmtt(-)'mpenm:nationieatureﬂ't, re impo
oiMRRItaNCR:stigates whether the PFI score significantly d from (

o PIMP investigates whether the PFhscore significantiy: mﬁers from 0
o~pUseful because PFl canbe non-zerodue o stochasticity. 1hc 1 rqet v (unimportant)
I 9,PIMB tests khﬁ#o'h)’mmﬁﬁﬁl Feature is independent of thedarget v | < cores (repeat

(unimpouant), .  breaks relationship to all features

j e SamplmglmderHo Permute-target iy, retrammodehoompurePFl SCorese er H

olrepeal) e p the tail probability er H, - and use it as a new importance measure

I = Permutmg y breaks relatlonshlp to aII features

| = By computing PFI scores again, we obtain distribution of PFI scores under H,
]

|

@ Compute p-value - the tail probability under H, - and use it as a new importance
measure
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TESTINGIMPORTANCE-(PIMP) )

PIMP algarithr
QDFormE {1 1. ., Noapbstions

e oPermute’ responsesvector yr )
¢ oRetrainimodel with data X ahd pe rautedipd |

¢ «Compute! featare importarice 27 for each-feature!y (andemtsy /1)
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TESTINGIMPORTANCE-(PIMP) )

PIMP algarithr
QDFormE {1 1. ., Noapbstions

e oPermute’ responsesvector yr )
o oRe&train model with data X ahd pe mauted iy |
¢ «Compute! featare importarice 27 for each-feature!y (andemtsy /1)

I @) Trainmodelwithi X andunpermutediy: |
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TESTINGIMPORTANCE-(PIMP) )

PIMP algarithr
QDFormE {1 1. ., Noapbstions

e oPermute’ responsesvector yr )
¢ sRetrain model withidata: X ahd pe rautedipc |
¢ «Compute! featare importarice 27 for each-feature!y (andemtsy /1)
@) Train medel with X andunpermutediy: |
@) Foreach featurej-s {1..1 .. p}ip
e oFit probability distributionof the:feature impontance values| PR/ 17 m
m &b dita bainggetnsast fehoice between:Gaussian, lognormal.-gammal or

snapasanaetiure importance PFJ: for the model without permutation of y (unde
o .Compute-feature impertance PF) dorthe medel without pemautation of y
(under H,)

o Retrieve the p-value of PFl; based on the fitted distribution
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yiradsdndependent-of-y-and all othervariables: Fitting ja LM yields. |
(x) =0:3x; =0:3x5 4+ x5

ll x1, pal 0827 2 4—!1“!7_’ x.‘l}}dv“ai 1 . x4 g lJ-B-!l

court

)
o L4 10 15 Q g i LY D00 925 s YN _1m Q0100008 00g hoos
mpotance

|Rlodty =Xy 4 €y withvé) ~ N(0VOCL)) % ). x5 highly corretated|but mdependemrof n
_
I @ Hnstograms Hy dlStl’lbUthﬂ of PFI scores after permutmg y (1000 repetitions)

“Red’ PFJlsoore esf mafed on unpermuted y (under Hd s oompare agams Ho

4istrbution Score estimated on unpermu v (un ympare

I o RESUE-ARNBUGHBFT for x| and'X i§ rionZers frec) PIMP MR GaadRERAgI Pt signifantly

sighificantly refevant (p-value > 0.05)
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@ When should we reject the Hy-hypothesis for a feature
@ When should we reject the Hy-hypothesis for a feature?

Interpretable Machine Learning - 12 /12



DIGRESSION: MULTIPLE TESTING PROBLEM/

@ When should we reject the Hy-hypothesis for a

9, When should we rejectthe H-hypothesis far afeature?. . 1 1o neriormed by PIMP

9 The largenthe mmmber of fedtunes)the maretests need ta be perfarmedby RPIMP . the prot

~+ Mutitiple testing problem; it multiplicity-of tests is'net takenrinto account, the be [arge

probability that some of the true Hy-hypothesis is rejected (type-I error) by
chance may be large

reawuure
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@ When should we reject the Hy-hypothesis for a feature
o, When phoupd;we ‘?i%uhe He:hypathesis for %feﬁm"%:’ > performed by PIMF
9 The largenthe mmmber of fedtunes! the mare tests need to beperk:mmedby RIMP. the pro?
~+ Mutitiple testing problem; it multiplicity-of tests is'net takenrinto account, the be [arge
oProbability that same of the true Hs-hypathesis is tgjected ﬁvpe L N B o lling an appror
chance.may;be Wﬂmy wise error rate (FWE: probability of at least one type-I ¢
@ Accounting for multiplicity of individual tests can be achleved by controlling an
appropriate error rate, e.g., the family-wise error rate (FWE: probability of at
least one type-I error)

‘
-
-
i
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@ When should we rej he Hy-hypothesis for a feature

9, When should we reject the He:-hypothesis for a feature?. > performed by PIMP

9 The largenthe msmber of fedtunes. the maretests need to be perfermedby PIMP. the prot
~+ Mutitiple testing problem; it multiplicity-of tests is'net takenrinto account, the be [arge
probability that some of the true Hy-hypothesis is tejecled (type-L erron By - i o appropriate errol
Chancefmaype Wﬂmy wise error rate (FWE: pr ity of at least one type-l error)

o Accountingfor, multiplicity of individual tests can be achiaved by contieling an, ik rejecis a null
appropriate efrocrate. ¢.9., the family,wise error rate (EWE: probability ot al o 1 oraie) tesis

least one type-I error)

@ One classical method to control the FWE is the Bonferroni correction which
rejects a null hypothesis if its p-value is smaller than «/m with m as the number
of performed parallel tests

‘WWW
|
]
1
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