Interpretable Machine Learning
Shapiey Vaiues:

. ° Learning goals
@ Learn@whitigama theory is
- | 2008 @ Understandtha conceptbishind cooperative
games g |/, ‘
® Understand the Shapley value in.game theory




COOPERATIVE GAMES - 2 Shapiey (165

eoGame theoryrig the study ©f strategic games tetween playetsy“gamenrefersde s 0 any o8
any seriesofinteractions betweernactars/agents withgains=ard-dosses of 2 ble utility vall
quantifiable utility value
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» Shapley{1951)

eoGame thearyrig the study of strategic games tretween playefsy“gametrefersde s 0 any &
any series ofinteractions betweer actcrslagemswm gainsandlosses ofiable utility va
oquantifiable wlility value o 4| possible players |/ p}, each subset of players
@ Cooperative games: Forcall p@slble playérs, P&:{ teriauppaeach subset of
players S € Pforms a coalition —each coalition S achieves a certain payout
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» Shapley{1951)

eoGame thearyrig the study of strategic games tretween playefsy“gametrefersde s 0 any &
any series ofinteractions betweer actcrslagemswm gainsandlosses ofiable utility va
oquantifiable wiility yalue - 4| possible players |/ p;.each subset of players

@ Cooperative games: Forcall p@slble playérs, P&:{ teriauppaeach subset of
oPlayers S £ Piforms acoalition —each coalition. S achieves & certain payaut . -,
@ Avalue function v : 2° = R maps all 2/”! possible coalitions to their payout (or
gain)

Imterpretable Machine Learning - 1/10




COOPERATIVE GAMES | - i » Shapley {1851)

eoGame thearyrig the study of strategic games tretween playefsy“gametrefersde s 0 any &
any series ofinteractions betweer actcrslagemswm gainsandlom ofiable utility ve
oquantifiable wiility yalue - 4| possible players |/ p;.each subset of players

@ Cooperative games: Forcall p@slble playérs, P&:{ teriauppaeach subset of
oPlayers S £ Piforms acoalition —each coalition. S achieves & certain payaut . -,

I ®,A value function v.;, 27 Rimaps;all 2/ passible coalitions 10 their payoutdor.
gain)

il ° v(S)is the payout of coalition S C P (payout of empty coalition must be zero:

| v(0) = 0)

|
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any series oftinteractions betweery actcrslagenwwm gainsandjosses ofiable utility v
oquantifiable ulility value - 4| possible pla : p}. each subset of players
o Cooperative games: Foraall pm!s:ble players,P,sa{ teriauppaeach subset of
oPlayers S £ Plorms acoaliion —each coalition, S achieves 2 certain paygut . -,
9, A value function w.; 25— R maps.all 2 passible coalitions to;their payoutdor. -
ga ) ome players contribute more than vant to fairly e the total achievable
o v(S)is he payew qicoahtm Sk B (pamﬂ oi emmv coalition, mtesn be ?-em tion
v(0) = 0)
@ As some players contribute more than others, we want to fairly divide the total

achievable payout v( P) among the players according to a player's individual
contribution

» Shapley {19561)
eoGame thearyrig the study of strategic games tretween playefsy“gametrefersde s 0 any &
l
l
|
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eoGame thearyrig the study of strategic games tretween playefsy“gametrefersde s 0 any &
any series oftinteractions betweery actcrslagenwwm gainsandjosses ofiable utility v
oquantifiable utility yalue - 4 possible pla : p}. each subset of players
o Cooperative games: Foraall pm!s:ble playérs, P, sn{ teriauppaeach subset of
oPlayers S £ Piforms acoalition —each coalition. S achieves & certain payaut . -,

°,A value function v.; 27+ Rimaps:all 2/ passible coalitions 10 their payoutos. -

ga ) ome players contribute more than vant to fairly e the total achievable
o v(S)is. the payewqicoamms;v R (pamtoiemnw coalition, m@st\beaef& tion

Vw ﬂ) he individual payout per pla | & P (later: Shapley value
® As some players oontnbute more than others we want to falrly dlwde the total

achievable payout v( P) among the players according to a player's individual

contribution

o We call the individual payout per player ¢;. j € P (later: Shapley value)
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NTERACTIONS:

Flayers do not nieact
(o outs e k] U W W e o)
Players do not interact

e oty Whatis a —
fagparyout o
T oabmon’ o X
Hore ki
° N

/\X T . . ? .

/ /

A
ﬁ. - “\ ‘ J‘ I\J/
\ o
e Towd Payout

s
’

-,

® - lo.

eremean

Interpretable Machine Learning - 2/10
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COOPERATIVE GAMES WITHINTERACTIONS

Question:\What is afairpaycutfor playen ‘yellow/|2w
IdeanCompute marginal contribution iof the playerot interest acrossdifferenterent coalitions
coalitions

M':fl-hﬂ"’ \MU\-J\A Add Tmu‘accqba‘

.................

e b T Tk

"k RIE ]xi
B1=1 Tﬂ\k E> 77\,

%, % X X jxx

@ Compute the total payout of each coalition
9, Compute diflerence in payouts for each coaliton
@with and withaut player yelow! (= margmal
oonkbubon)
9, Average marginal.contributions usmg q)pmpuale Y
weights
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COOPERATIVE GAMES WITHINTERACTIONS:

Question:\What is afairpaycutfor playen ‘yellow/|2w
IdeanCompute marginal contribution iof the playerot interest acrossdifferenterent coalitions
ooalitions

Note: Each marginal contribution iS
M - Note: Eachmarginal centributiorsis/e orders of its
24 foaktons]of plavens wiheot ad )| tothecodtion
-rLﬂ. ~ pas Kmaacos weighted w.r.t. humberiofpassible — more orde
o TIx ‘I’ i i/ orders of its coalition

~- More players in S = morg orderings

' X
EM\X% \k @ﬂif S ..
: -+ 7’\' Bl )
m kR . [EIRE ¥ o
@ Compute the total payout of each coalition i R \K
s
X
x %

veramtx

9, Compute difference in payouls for each coaliton ot - o <y i’

@with and withaut player yelow! (= margmal angd
oontbubon) it v

9 Average marginal conlrioutions usmg anpropriale I wean = 26 ‘1’ i
weights weghe =16
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SHAPLEY VALUE - SET DEFINITION!

Thisiidea refersito the/ Shapley value!whiclh assigns @apayout valuetd eachqlayenplayer accord
accerdingtodts: marginal cantribution dncalbpossible coalitions.
voletv(S L {j}) — v(8) be the ' marginal contribution: of player|j te coalitiomSion &
~+ measures-how mucha@ player -increasesthe Valueof a coalition |Son &
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SHAPLEY VALUE - SET DEFINITION!

Thisiidea refersito the/ Shapley value!whiclh assigns @apayout valuetd eachqlayenplayer accord
accerdingtodts: marginal cantribution dncalbpossible coalitions.
voletv(S L {j}) — v(8) be the ' marginal contribution: of player|j te coalitiomSion &
~+ measures-how mucha@ player -increasesthe Valueof a coalition |Son &
eoAverage marginah contributions for all poissibie cealitions S & P\ {F}
| ~-0 rder-ofthaw players: join-thetlco alition imatters! sx=different weights depending cing on size of S
| on size of S
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SHAPLEY VALUE - SET DEFINITION!

Thisiidea refersito the/ Shapley value!whiclh assigns @apayout valuetd eachqlayenplayer accord
accerdingtodts: marginal cantribution dncalbpossible coalitions.
voletv(S L {j}) — v(8) be the ' marginal contribution: of player|j te coalitiomSion &
~+ measures-how mucha@ player -increasesthe Valueof a coalition |Son &
eoAverage marginah contributions for all poissibie cealitions S & P\ {F}

| ~-0rder-ofthaw piayers join-the lco alition imatterst excdifferent weights depending cing on size of S

I 9ORBZ810f Salue via set definition (weighting via multinomial coefficient)
@ Shapley value via set definition (welghtlng via multmomlal coefficient):
\ . . {00 )
[SI'@E| - S 1) :
o= D ST (Y(SU - vS)

SCP\{J}
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SHAPLEY VALUE - ORDER DEFINITION!

TheShapley-valué was:introduced.as summationoversetssS€ P, {f}. butiit canbean be equ
equivalentlydefinedras asummiationof all orders of players:

6 = o A& SN S

+en

| °olAlk possible erders.of players-(we have-R)! in total)o i)
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SHAPLEY VALUE - ORDER DEFINITION!

TheShapley-valué was:introduced.as summationoversetssS1€ P, {f}. butiit canbean be g
equivalentlydefinedras asummiationof all orders of players:

ZM& \{1 yesv(S)))
Tren
| °olAll possible erders.of players-(we have-\R)! in total)o.

9,5k Se&efplaye:spetoreplayer“nqrde(rr(r[‘) ..... r[P])where yrl)is :—th‘ ith elemen
elementm\ Players 1. 2.3 | (1,2,3).(1,3.2), (2 3),(2,3,1),(3,1,2),(3,2
@Example‘ Playersi 2231=8) and pla f inte
= {(%2:3)okh 3, 2)/(2.1.8) A2 3,\1) (:3 1r2) r(352 1)

~ Farordetar = (2,(13 3) and-playerobinterestjost3 = 7 =421}
~+ For order 7 = (3,1,2) and player of interest j = 1 = S’ = {3}
I ~+ For order 7 = (3,1,2) and player of interest j = 3 = S’ =0
|
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SHAPLEY VALUE - ORDER DEFINITION!

TheShapley-valué was:introduced.as summationoversetssS1€ P, {f}. butiit canbean be g
equivalentlydefinedras asummiationof all orders of players:

& = = 36U S O SUPHSTY

ren

| °olAl possible erders. of players-(we have-R)! in total): -
9, S[: Setof players before player jin; arefcer (e}, r“”)where rrl?is f-th\ i-th elemen
elememm le: Players 1,2, 3 \ ‘ 3).
@ Example: Players1 2; 3 =8) and pla f inte
= {{%2: 3} 3, 2) (2.1, 3) A2 3,\11 (r3 1@) r(f’sZ 1)
~ Farordetar = (2,(13 3) and-playerobinterestj=s13 = $7- =42, 1)

2.3
FOI qrgﬁf( {g 1r g and quy?r of 'mqresu | Jie Fs) 13} s summed twice

e Ord

~t For order T - Fnd player of interest j = %] AN Sf=0
° Order definition: Marglnal contribution of orders that yield set S = {1.2} is
l summed twice
~ In set definition, it has the weight ZE-2-11' — 20l _ 2
|
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SHAPLEY'VALUE - COMMENTS:ONORDER" DEFINITION
DEFINITION

@ Order and set definition are equivalent
OoOrq,eg aqd sqtd F{'W}lon! a'e‘?q“'[“a'emr yield the same coalition S'is |S/!( |f
® Reason: The number of orders which yield the same coalition, S is

SI( '?1 S _‘1)1 1)! sible of players withc
= There are | S|! possible orders of players wnhm ooalmon S
= There are (|P| — |S| —1}-possible-orders.of players without S-and-f—-

Sfpobintrs | A s S G
I Tlril I I +UST] ~ l L UST=1) I‘Trﬂml l T[p]‘ ]
_ayerestretOre Playser— player ~Atayersditer playe

Players before player j player j Players after player j
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SHAPLEY'VALUE - COMMENTS:ONORDER" DEFINITION
DEFINITION

@ Order and set definition are equivalent
OoOrq,eg aqd sqtd F{'W}lon! a'e‘?q“'[“a'emr yield the same coalition S'is |S/!( |f
® Reason: The number of orders which yield the same coalition, S is
SI( '?1 sr _‘1)1 1)! sible of players withc
= There are | S|! possible orders of players wnhm ooalmon S

=> There are (|P| — |S| —1}-possible-orders.of players without S-and-f— .

[sulperlmmps ‘ ‘ (P1=) 5| #l!kmme ‘

_ayerestretOre Playser— player ~Atayersditer playe

@ Helevance giaG & batbre ;;I : PFC Piaerd Ster player] " ling
o Relelahce '6? the' BFdEr definiition* 'Appfox imate SHEprey ValES by Sdmpling ©
permutations
~+ randomly sample a fixed number oW &;rmmahons and average them:

1
where [y ng v ( {l}) _HVH( )r)\ M orders of players

rj

permutat

ons

I | e [ [ 00 ] 70 [T @ ]'
i
i

where Ny I is a random subset of 1 containing only M orders of players

Imterpretable Machine Learning - 7/10



Imterpretable Machine Learning - 8 /10



ILLU STRATION

Tk
T k%
S
Tt

WS

/—éo
e

Imterpretable Machine Laarning -~ 8 /10



ILLU STRATION
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SHAPLEY VALUES - ILLUSTRATION!
e“Shapley valié’ of player i Me’n‘sai@mal ’oohinbutio#v to’the vhme when'itentars
“any coalifion! > joining orders of player coalitions
@ Produce all possmle joining orders of player coalitions

-~ ‘ e I e L s e
1.2.3 NS R N R
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e“Shapley valié’ of player i Me’n‘sai@mal ’oohinbutio#v to’the vhme when'itentars
°anyooaﬁhoﬁ‘ > joining orders of player coalitions

o ProGcE 4l Bos e Toifing orders B piayer Satitighs " Plaver T enters the coalition

@ Measure and average the difference’in payout after player 1 enters the coalition

] e T e L SR
| 12 3 {.,[7 (1] H__,{ s=(1 4!{3_{ s-n 2}}__}4{'”3
]
]

Shapley value of p Y;C‘li +1833.33

Imterpretable Machine Learning - 9/10



e“Shapley valié’ of player i Me’n‘sai@mal ’oohinbutio#v to’the vhme when'itentars
°anyooaﬁhoﬁ‘ > joining orders of player coalitions

o Prodcs 4l Bos e Toifing orders B piyer dalitions " !
@ Measure and average the difference’in payout after player 2 enters the coalition

wow i

o (DT +

132[5" g“] hi—.{—“‘r“ U*f

213% };@ﬁ]Jﬂ

2,31 ﬁmﬂmﬁ hose—+000C
P G e i = 2 i DR

N i | 8 e

Shapley va Jc:f:xyc-'zx. +1833.33

player 2 enters the coalition
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e“Shapley valié’ of player i Me’n‘sai@mal ’oohinbutio#v to’the vhme when'itentars
°anyooaﬁhoﬁ‘ > joining orders of player coalitions

o ProdcE 4l Bos e Toifing orders B piayer Satitighs " Plaver @ enters the coalition

@ Measure and average the difference’in payout after player 3 enters the coalition

I R - |J{ gl ok a0
| 123W(1)] [Su(l {54123 ] 005
- SO0k — 11 - =1

e D e
2.1.3(S" {S=1 J
E}_p—j ]\ e ]*1
2%*@}@ ];l'z__(s (123] .

-
Shapley value of player JI’. +2333.33

2,3,
31,
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SHAPLEY'VALUES - ILLUSTRATION!

eoShapley-valué of playerv fis mvermarginal rcentributiontorthie value swheniitenters:
sany coalition) > joining orders of player coalitions
@ Produce all poss1b|e joining orders of player coalitions

an -vm.-.l
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AXIOMS OF FAIR PAYOUTS:

Why isithisia fairpayoutso lation?n
One passibility to definefair payouts dre the followingaxiomsdoragiverovaluealue funciion
function v: o

@ Efficiency: Player contributions add up to the total payout of the game: )

@ Efficiency: Player contributions add uptothe total payout of the game:

Zle ¢y = v(P)
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Whiyisithisia fair-payoutso lution

One passibility to definefair payouts dre the followingaxiomsdoragiverovaluealue funciion

function v:
o Efficiency: Player contributions add up to the total payout of the game: $~
@ Efficiency: Player oontnbutlons add upto the total payout of the game

oz?!/rqgwelry(p) P who contribute the same to any alition get the same payout

all £ P [, ki, then
o Symmetry Players ; k cP who contnbute the same to any coalition get the
same payout:
fv(SU{j}) = v(SU{k})forall SC P\ {j, k}.then ¢y = o

‘
i
-
1
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AXIOMS OF FAIR PAYOUTS:
Why isithisia fairpayoutso lation?n
One passibility to definefair payouts dre the followingaxioms doragiverovaluealue fur
function v:
o Efficiency: Player contributions add up to the total payout of the game: $°
@ Efficiency: Player oontnbutlons add up to the total payout of the game
ofi/nwwelry(p)h [, K P who contribute the same to any coalition get the s
ki) forall S P [, ki, then

o Symmetry Players / k = P who contnbute the same to any ooalmon get the

sQﬁé’bEyd%‘” Player: Payout is O for players who don't contribut the value of

IfVSL{j}) =+ v(8WF{k}) forall ST PN {jIK}. then & = ¢

@ Dummy/Null Player: Payout is 0 for players who don't contribute to the value of
any coalition:
fv(SU{j})=v(S) ¥V SC P\ {jl.theng; =0

any Co

ame payout

alition
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AXIOMS OF FAIR PAYOUTS:

Why isithisia fairpayoutso lation?n
One passibility to definefair payouts dre the followingaxiomsdoragiverovaluealue funciion
function v:

o Efficiency: Player contributions add up to the total payout of the game: $~

@ Efficiency: Player oontnbutlons add upto the total payout of the game

oz?!/rqgwelry(p) P who contribute the same to any alition get the same payout

ki) forall S P /, k¢, then
o Symmetry Players ; k = Pwho contnbute the same to any ooalmon get the

SQW}SBV(){%‘” Player: Payout is O for players who don't contribute to the value of any

VS {j}) = v(8\P{k}) foralt ST PN {}.’k}.then & = o

o Damimy/Null Player: Pagolit'is' 0 for players who'don't contribute fo/the Valie of 1= Payoul

any coalition:
FV(SU{}Y) = v(S) ¥ SC P\ {j}theng =0

o Additivity: For a game v with combined payouts v(S) = v (S) + v2(S). the
payout is the sum of payouts: ¢, = @y, + @)

coalition

s the sum

Interpretable Machine Learning - 10/ 10



